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Abstract: Given an isometric immersion /: M n — ► M n+1 of a compact Riemannian manifold 
of dimension n > 3 into Euclidean space of dimension n + 1, we prove that the identity com- 
ponent Iso°(M n ) of the isometry group Iso(M n ) of M n admits an orthogonal representation 
Iso°(M n ) -» 5(9(n + 1) such that / o # = o / for every g G Iso°(M n ). If G is a 

closed connected subgroup of Iso(M n ) acting locally polarly on M n , we prove that 3>(G) acts 
polarly on R n+1 , and we obtain that f(M n ) is given as $(G)(L), where L is a hypersurface of 
a section which is invariant under the Weyl group of the $(G)-action. We also find several suf- 
ficient conditions for such an / to be a rotation hypersurface. Finally, we show that compact 
Euclidean rotation hypersurfaces of dimension n > 3 are characterized by their underlying 
warped product structure. 
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1 Introduction 

Let G be a connected subgroup of the isometry group Iso(M n ) of a compact Riemannian 
manifold M n of dimension n > 3, which we always assume to be connected. Given an 
isometric immersion /: M n -> R N into Euclidean space of dimension N, in general one 
can not expect G to be realizable as a group of rigid motions of R that leave f(M n ) 
invariant. Nevertheless, a fundamental fact for us is that in codimension N — n = 1 this 
is indeed the case. 

Theorem 1 Let f: M n — > M. n+1 , n > 3, be a compact hypersurface. Then the identity 
component Iso°(M n ) of the isometry group of M n admits an orthogonal representation 
$: Iso°(M n ) -> SO(n + 1) such that fog = <S>(g) o f for all g G Iso°(M n ). 

Theorem [1] may be regarded as a generalization of a classical result of Kobayashi 
|Koj . who proved that a compact homogeneous hypersurface of Euclidean space must 
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be a round sphere. In fact, the crucial step in the proof of Kobayashi's theorem is to 
show that the isometry group of the hypersurface can be realized as a closed subgroup 
of 0(n+ 1). The idea of the proof of Theorem [1] actually appears already in [MPSTJ, 
where Euclidean G-hypersurfaces of cohomogeneity one, i.e., with principal orbits of 
codimension one, are considered. 

We apply Theorem [TJ to study compact Euclidean hypersurfaces /: M n — > R n+1 , 
n > 3, on which a connected closed subgroup G of Iso(M n ) acts locally polarly. Recall 
that an isometric action of a compact Lie group G on a Riemannian manifold M n is said 
to be locally polar if the distribution of normal spaces to principal orbits on the regular 
part of M n is integrable. If M n is complete, this implies the existence of a connected 
complete immersed submanifold E of M n that intersects orthogonally all G-orbits (cf. 
|HLOj ). Such a submanifold is called a section, and it is always a totally geodesic 
submanifold of M n . In particular, any isometric action of cohomogeneity one is locally 
polar. The action is said to be polar if there exists a closed and embedded section. 
Clearly, for orthogonal representations there is no distinction between polar and locally 
polar actions, for in this case sections are just affine subspaces. 

It was shown in [BCOj . Proposition 3.2.9 that if a closed subgroup of SO(N) acts 
polarly on M. N and leaves invariant a submanifold /: M n —>■ "fil N , then its restricted action 
on M n is locally polar. Our next result states that any locally polar isometric action 
of a compact connected Lie group on a compact Euclidean hypersurface of dimension 
n > 3 arises in this way. 

Theorem 2 Let f: M n — > M n+1 , n > 3, be a compact hypersurface and let G be a closed 
connected subgroup of Iso(M n ) acting locally polarly on M n with cohomogeneity k. Then 
there exists an orthogonal representation ty: G — > SO(n + l) such that ^(G) acts polarly 
on M. n+1 with cohomogeneity k + 1 and f o g — ^f?(g) o f for every g G G. 

A natural problem that emerges is how to explicitly construct all compact hy- 
persurfaces /: M n — > K n+1 that are invariant under a polar action of a closed sub- 
group G C SO(n +1). This is accomplished by the following result. Recall that 
the Weyl group of the G-action is defined as W = iV(£)/Z(E), where S is a section, 
iV(£) = {g G G | gT, = £} and Z(H) = {g G G \ gp = p, Wp G S} is the intersection of 
the isotropy subgroups G p , p G E. 

Theorem 3 Let G C SO(n + 1) be a closed subgroup that acts polarly on M n+1 , let 
E be a section and let L be a compact immersed hypersurface of E which is invariant 
under the Weyl group of the G-action. Then G(L) is a compact G-invariant immersed 
hypersurface o/M n+1 . Conversely, any compact hypersurface f: M n — > M n+1 that is 
invariant under a polar action of a closed subgroup of SO(n + 1) can be constructed in 
this way. 

The simplest examples of hypersurfaces /: M n — > M ra+1 that are invariant under a 
polar action on R n+1 of a closed subgroup of SO(n + 1) are the rotation hypersurfaces. 
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These are invariant under a polar representation which is the sum of a trivial represen- 
tation on a subspace lR fc C M. n+l and one which acts transitively on the unit sphere of 
its orthogonal complement M n_fc+1 . In this case any subspace R fc+1 containing R fc is a 
section, and the Weyl group of the action is just the group 1? generated by the reflection 
with respect to the "axis" Thus, the condition that a hypersurface L k C R fc+1 be 
invariant under the Weyl group reduces in this case to L k being symmetric with respect 
to R k . We now give several sufficient conditions for a compact Euclidean hypersurface 
as in Theorem [2] to be a rotation hypersurface. 

Corollary 4 Under the assumptions of Theorem^ any of the following additional con- 
ditions implies that f is a rotation hypersurface: 

(i) there exists a totally geodesic (in M n ) G -principal orbit; 

(ii) k = n — 1; 

(iii) the G -principal orbits are umbilical in M n ; 

(iv) there exists a G-principal orbit with nonzero constant sectional curvatures; 

(v) there exists a G-principal orbit with positive sectional curvatures. 

Moreover, G is isomorphic to one of the closed subgroups of SO(n — k + 1) that act 
transitively on § n ~ fc . 

For a list of all closed subgroups of SO(n) that act transitively on the sphere, see, 
e.g., [EH] , p. 392. Corollary H generalizes similar results in [PS], jAMN] and jMPSTj 
for compact Euclidean G-hypersurfaces of cohomogeneity one. In part (v), weakening 
the assumption to non-negativity of the sectional curvatures of some principal G-orbit 
implies / to be a multi-rotational hypersurface in the sense of |DNj : 

Corollary 5 Under the assumptions of Theorem suppose further that there exists 
a G-principal orbit Gp with nonnegative sectional curvatures. Then there exist an or- 
thogonal decomposition M. n+1 = (§) k i=0 M. ni into G-invariant subspaces, where G = ^(G), 
and connected Lie subgroups G\, . . . , Gj. of G such that Gi acts on the action being 
transitive on S ni_1 C and the action of G = G\ x . . . x G fc on M. n+1 given by 

(gi ■ --9k)(Vo,vi, ...,v k ) = (v ,givi, . . .,g k v k ) 

is orbit equivalent to the action of G. In particular, if Gp is flat then Hi = 2 and Gi is 
isomorphic to 50(2) for % = 1, . . . , k. 
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Finally, we apply some of the previous results to a problem that at first sight has no 
relation to isometric actions whatsoever. 

Let /: M n — > M n+1 be a rotation hypersurface as described in the paragraph following 
Theorem [31 Then the open and dense subset of M n that is mapped by / onto the 
complement of the axis M fc is isometric to the warped product L k x p N n ~ k , where N n ~ k 
is the orbit of some fixed point f(p) 6 L k under the action of G, and the warping 
function p: L k —>■ M + is a constant multiple of the distance to Recall that a warped 
product Ni x p N 2 of Riemannian manifolds (Ni, ( , and (N 2 , ( , )n 2 ) with warping 
function p: N\ — > M + is the product manifold N\ x iV~2 endowed with the metric 

(.)=<(» )iVi + {p°ni) 2 7r* 2 ( , ) N2 , 

where 7r^: N\ x N 2 — > Ni, 1 < i < 2, denote the canonical projections. 

We prove that, conversely, compact Euclidean rotation hypersurfaces of dimension 
n > 3 are characterized by their warped product structure. 

Theorem 6 Let f: M n — > M n+1 , n > 3, be a compact hypersurface. If there exists 
an isometry onto an open and dense subset U C M n of a warped product L k x p N n ~ k 
with N n ~ k connected and complete ( in particular if M n is isometric to a warped product 
L k x p N n ~ k ) then f is a rotation hypersurface. 

Theorem [H] can be seen as a global version in the hypersurface case of the local 
classification in |DT] of isometric immersions in codimension I < 2 of warped products 
L k x p N n ~ k , n — k > 2, into Euclidean space. 

Acknowledgment. We are grateful to C. Gorodski for helpful discussions. 

2 Proof of Theorem d 

The proof of Theorem [1] relies on a result of Sacksteder [Sa] (see also the proof in pDaJ , 
Theorem 6.14, which is based on an unpublished manuscript by D. Ferus) according to 
which a compact hypersurface /: M n — > IR n+1 , n > 3, is rigid whenever the subset of 
totally geodesic points of / does not disconnect M n . Recall that / is rigid if any other 
isometric immersion /: M n — > M n+1 differs from it by a rigid motion of IR n+1 . The proof 
of Sacksteder's theorem actually shows more than the preceding statement. Namely, let 
/, /: M n — ► M n+1 be isometric immersions into M n+1 of a compact Riemannian manifold 
M n , n > 3, and let <fi: T^-MJ — ► T ± M 1 ~ be the vector bundle isometry between the 

normal bundles of / and / defined as follows. Given a unit vector £ x 6 T^M^ at 
x G M, let (j)(£ x ) be the unique unit vector in T^MJ such that . . . , f*X n , £ x } and 

{/*Xl> • • • , f*X n , <f>(£x) } determine the same orientation in M n+1 , where . . . , X n } is 
any ordered basis of T x M n . Then it is shown that 

oiAx) — ±0(x) o otf(x) (1) 
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at each point x G M n , where ctf and aj denote the second fundamental forms of / and /, 
respectively, with values in the normal bundle. The proof is based on a careful analysis of 
the distributions on M n determined by the relative nullity subspaces A(x) = ker ctf{x) 
and A(x) = ker aj{x) of / and /, respectively. Rigidity of / under the assumption 
that the subset of totally geodesic points of / does not disconnect M n then follows 
immediately from the Fundamental Theorem of Hypersurfaces (cf. |Daj . Theorem 1.1). 

Proof of Theorem^ Given g G Iso°(M n ), let aj og denote the second fundamental form 
of fog. We claim that 

<Xfog{x) = (j)g{x) o a fix) (2) 

for every g G Iso°(M n ) and x G M n , where <p g denotes the vector bundle isometry 
between T^-MJ and T M? defined as in the preceding paragraph. On one hand, 

a fog (x)(X, Y) = atf(gx)(jg*X, g*Y) (3) 

for every g G Iso°(M n ), x G M n and X, Y G T x M n . In particular, this implies that for 
any fixed x G M n the map Q x : Iso°(M n ) -> Sym(T x M n x T x M n -> T^-Mf) into the 
vector space of symmetric bilinear maps of T x M n x T x M n into T^MJ, given by 

Q x (g)(X,Y) = <t> g (x)-\a fog (x)(X,Y)) = <l> g (x)- 1 (a f (gx)(g.X,g.Y)) 

for any X, Y G T x M n , is continuous. On the other hand, by the preceding remarks on 
Sacksteder's theorem, either af og (x) = <j> g (x) oaj(i) or a>f og (x) = —(p g (x) oaf(x). Thus 
Q x is a continuous map taking values in {af(x), — af(x)}, hence it must be constant 
because Iso°(M n ) is connected. Since O x (id) = ct/(x), our claim follows. 

We conclude that for each g G Iso°(M n ) there exists a rigid motion g G Jso(IR n+1 ) 
such that fog = go f. It now follows from standard arguments that g i— > g defines a Lie- 
group homomorphism $: Jso°(M") — > I so(W a+1 ) , whose image must lie in SO(n + 1) 
because it is compact and connected. | 

Remarks 7 (i) Theorem [1] is also true for compact hypersurfaces of dimension n > 3 
of hyperbolic space, as well as for complete hypersurfaces of dimension n > 4 of the 
sphere. It also holds for complete hypersurfaces of dimension n > 3 of both Euclidean 
and hyperbolic spaces, under the additional assumption that they do not carry a com- 
plete leaf of dimension (n — 1) or (n — 2) of their relative nullity distributions. In fact, 
the proof of Theorem [T] carries over in exactly the same way for these cases, because so 
does equation CQ) (cf. [Da], p. 96-100). 

(ii) Clearly, Theorem [1] does not hold for isometric immersions /: M n — > M. n+e of codi- 
mension I > 2. Namely, counterexamples can be easily constructed, for instance, 
by means of compositions / = h o g of isometric immersions g: M n — > W a+1 and 
h: V — > M. n+e , with V C M n+1 an open subset containing g(M n ). 
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The next result gives a sufficient condition for rigidity of a compact hypersurface 
/: M n -> R n+1 as in Theorem Q] in terms of G = $(iso°(M n )). 

Proposition 8 Under the assumptions of Theorem^ suppose that G = $(Jso°(M n )) 
does not have a fixed vector. Then f is free of totally geodesic points. In particular, f 
is rigid. 

Proof: Suppose that the subset B of totally geodesic points of / is nonempty. Since 
C£f og (x) = 4> g (x) o C£f(x) for every g G G = Iso°(M n ) and x G M n by B coincides 
with the set of totally geodesic points of / o g for every g G G. In view of Q, this 
amounts to saying that B is G-invariant. Thus, if Gp is the orbit of a point p G B 
then Gp C B. Since is connected, it follows from |DGj , Lemma 3.14 that f{Gp) is 
contained in a hyperplane H that is tangent to / along Gp. Therefore, a unit vector 
v orthogonal to H spans T^M^ for every gp G Gp. Since gT^M^ = T^Mj for every 
g = $(#) G G, because / is equivariant with respect to $, the connectedness of G 
implies that it must fix v. | 

Proposition [8] implies, for instance, that if a closed connected subgroup of Iso(M n ) 
acts on M n with cohomogeneity one then either / is a rotation hypersurface over a plane 
curve or it is free of totally geodesic points, and in particular it is rigid (see [MPSTJ, 
Theorem 1). As another consequence we have: 

Corollary 9 Let f: M 3 — > M 4 be a compact hypersurface. If f has a totally geodesic 
point (in particular, if it is not rigid) then either M 3 has finite isometry group or f is 
a rotation hypersurface. 

Proof: Let $: Iso°(M 3 ) — > SO (4) be the orthogonal representation given by Theorem [TJ 
By Proposition [SI if / has a totally geodesic point then G = $(iso°(M 3 )) has a fixed 
vector v, hence it can be regarded as a subgroup of £0(3). Therefore, either the re- 
stricted action of G on {v} ± has also a fixed vector or it is transitive on the sphere. 
In the first case, either Iso°(M 3 ) is trivial, that is, Iso(M 3 ) is finite, or G fixes a two 
dimensional subspace M 2 of M 4 , in which case / is a rotation hypersurface over a surface 
in a half-space IR 3 ^ with M. 2 as boundary. In the latter case, / is a rotation hypersurface 
over a plane curve in a half-space having span{t> } as boundary. | 



3 Proof of Theorem 2 



For the proof of Theorem [2} we recall from Theorem [T] that there exists an orthogonal 
representation $: Iso°(M n ) — > SO(n + 1) such that / o g = $>(g) o f for every g G 
Iso°(M n ). Since G is connected we have G C Iso°(M n ), hence it suffices to prove that 
G = $(G) acts polarly on M. n+1 with cohomogeneity k + 1 and then set ^ = 
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We claim that there exists a principal orbit Gp such that the position vector / is 
nowhere tangent to f(M n ) along Gp, that is, f(g(p)) & f^{g{p))T g ^M n for any g G G. 
In order to prove our claim we need the following observation. 

Lemma 10 Let f: M n —> IR n+1 be a hypersurface. Assume that the position vector 
is tangent to f(M n ) on an open subset U C M n . Then the index of relative nullity 
i/f(x) = dim A/(a;) of f is positive at any point x G U . 

Proof: Let Z be a vector field on U such that f*(p)Z(p) = f{p) for any p G U and let rj 
be a local unit normal vector field to /. Differentiating (rj, /) = yields (AX, Z) = for 
any tangent vector field X on U, where A denotes the shape operator of / with respect 
to r]. Thus AZ = 0. | 

Going back to the proof of the claim, since M n is a compact Riemannian manifold 
isometrically immersed in Euclidean space as a hypersurface, there exists an open subset 

V C M n where the sectional curvatures of M n are strictly positive. In particular, the 
index of relative nullity of / vanishes at every x G V. If the position vector were tangent 
to f(M n ) at every regular point of V, it would be tangent to f(M n ) everywhere on V, 
because the set of regular points is dense on M n . This is in contradiction with Lemma [TUl 
and shows that there must exist a regular point p G V such that f(p) G" f*(p)T p M n . 
Since / is equivariant, we must have in fact that f(g(p)) £ f^(g(p))T g ^M n for any 
g G G and the claim is proved. 

Now let Gp be a principal orbit such that the position vector / is nowhere tangent 
to f(M n ) along Gp. Then the normal bundle of f\a p splits (possibly non-orthogonally) 
as span{/} © f^T^Gp. Let £ be an equivariant normal vector field to Gp in M n and let 

V — /*£• Then, denoting $(g) by g and identifying g with its derivative at any point, 
because it is linear, we have 

9v(p) = (f ° 9)*(p)€(p) = f*(gp)g*(p)t(p) = f*(gp)£(gp) = v(gp) ( 4 ) 

for any g G G. In particular, (rj(gp), f(gp)) = (gr)(p),gf(p)} = (rj(p), f(p)} for every 
g G G, that is, (rj, f) is constant on Gp. It follows that 

X(r], f) = 0, for any X G TGp, (5) 

and hence 

(V x r ] ,f)=X(r ] ,f)-(£,X) = 0, (6) 

where V denotes the derivative in IR n+1 . On the other hand, since G acts locally polarly 
on M n , we have that £ is parallel in the normal connection of Gp in M. Therefore 

(Vx^) /t Ti Gp = M^xOt^Gp = 0, (7) 

where V is the Levi-Civita connection of M n ; here, writing a vector subbundle as a 
subscript of a vector field indicates taking its orthogonal projection onto that subbundle. 
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It follows from and (|7D that 77 is parallel in the normal connection of f\cp- On the 
other hand, the position vector / is clearly also an equivariant normal vector field of 
f\c P which is parallel in the normal connection. 

Thus, we have shown that there exist equivariant normal vector fields to G(f(p)) = 
f(Gp) that form a basis of the normal spaces at each point and which are parallel in 
the normal connection. The statement now follows from the next known result, a proof 
of which is included for completeness. 

Lemma 11 Let G C SO(n + 1) have an orbit G(q) along which there exist equivariant 
normal vector fields that form a basis of the normal spaces at each point and which are 
parallel in the normal connection. Then G acts polarly. 

Proof: Since there exist equivariant normal vector fields to G(q) that form a basis of 
the normal spaces at each point, the isotropy group acts trivially on each normal space, 
hence G(q) is a principal orbit. We now show that the normal space T^G(q) is a section, 
for which it suffices to show that any Killing vector field X induced by G is everywhere 
orthogonal to T^G(q). Given £ g G T^G(q), let £ be an equivariant normal vector field 
to G(q) extending £ g , which is also parallel in the normal connection. Then, denoting 
by 4>t the flow of X and setting c(t) = 4>t{q) we have 

(^\t=oMQ) = ( §l*=o£(c(t))) = vjt iq) t = o, 

where — denotes the covariant derivative in Euclidean space along c(t). | 
at 

Remark 12 A closed subgroup G C SO(n + £), £ > 2, that acts non-polarly on M. n+ 
may leave invariant a compact submanifold /: M n — > ~R n+e and induce a locally polar 
action on M n . For instance, consider a compact submanifold /: M n — > M. n+2 that is 
invariant by the action of a closed subgroup G C SO (n+2) that acts non-polarly on M n+2 
with cohomogeneity three. Then the induced action of G on M n has cohomogeneity one, 
whence is locally polar. Moreover, taking / as a compact hypersurface of S n+1 shows 
also that Theorem [2] is no longer true if K n+1 is replaced by § n+1 . 

Theorem [2] yields the following obstruction for the existence of an isometric immer- 
sion in codimension one into Euclidean space of a compact Riemannian manifold acted 
on locally polarly by a closed connected Lie subgroup of its isometry group. 

Corollary 13 Let M n be a compact Riemannian manifold of dimension n > 3 acted 
on locally polarly by a closed connected subgroup G of its isometry group. If G has an 
exceptional orbit then M n can not be isometrically immersed in Euclidean space as a 
hypersurface. 



8 



Proof: Let /: M n — > M. n+1 be an isometric immersion of a compact Riemannian manifold 
acted on locally polarly by a closed connected subgroup G of its isometry group. We 
will prove that G can not have any exceptional orbit. By Theorem [2] there exists an 
orthogonal representation ^: G —>■ SO(n + 1) such that G = *&(G) acts polarly on 
R n+1 with cohomogeneity k + 1 and fog = ^(g) o f for every g G G. Let Gp be 
a nonsingular orbit. Then Gp has maximal dimension among all G-orbits, and hence 
Gf(p) = f{Gp) has maximal dimension among all G-orbits. Since polar representations 
are known to admit no exceptional orbits (cf. [BCO] , Corollary 5.4.3), it follows that 
Gf(p) is a principal orbit. Then, for any g in the isotropy subgroup G p we have that 
g = ^(g) G Gf(p), thus for any £ p G T^Gp we obtain 

f*{p)ip = g*f*(p)£ P = (g° f)*(p)£ P = (f ° g)*(p)£ P = f*(gp)g*t P = f*(p)g4 P - 

Since is injective, then g*£ p = £ p . This shows that the slice representation, that 

is, the action of the isotropy group G p on the normal space T^Gij)) to the orbit G{p) 
at p, is trivial. Thus Gp is a principal orbit. | 



4 Isoparametric submanifolds 

We now recall some results on isoparametric submanifolds and derive a few additional 
facts on them that will be needed for the proofs of Theorem [3] and Corollaries H] and [5j 
Given an isometric immersion /: M n — > 1R with flat normal bundle, it is well- 
known (cf. [St J) that for each point x G M n there exist an integer s = s(x) G {1, . . . , n} 
and a uniquely determined subset H x = {r/i, . . . ,r] s } of T^rM^ such that T x M n is the 
orthogonal sum of the nontrivial subspaces 

E Vi (x) = {X G T x M n : a(X, Y) = (X, Y) m, for all Y G T x M n }, 1 < % < s. 

Therefore, the second fundamental form of / has the simple representation 

s 

a(X,Y) = J2(XuYi>Vi, (8) 

or equivalently, 

s 

AsX = J2& r li)Xi, (9) 

8=1 

where X i— > Xi denotes orthogonal projection onto E Vi . Each rji G H x is called a 
principal normal of / at x. The Gauss equation takes the form 

s 

R(X,Y) = Y / (r H ,7 lj )X i AY j , (10) 
where (X { A ^-)^ = (Z, Yj)Xi - (Z, X^Yj. 
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Lemma 14 Let /: M n -> M w 6e an isometric immersion with flat normal bundle of a 
Riemannian manifold with constant sectional curvature c. Let rji, . . . ,r) s be the distinct 
principal normals of f at x G M n . Then 

(i) There exists at most one rji such that \r)i\ 2 = c. 

iii) For all i,j, k G {1, . . . , s} with i ^ j ^ k ^ i the vectors rji — i] k and rjj — r\ k are 
linearly independent. 

Proof: It follows from ffTUl) that (i]i,r]j) = c for all i,j G {1, . . . , s} with i ^ j. If 
\Vi\ 2 = \Vj\ 2 = c i this gives \rji — r]j\ 2 = 0. 

(iii) Assume that there exist A 7^ and i, j, k G {1, . . . , s} with i 7^ j ^ k ^ i such that 
Vi~Vk = KVj - Vk)- Then 

|?7i| 2 - c = (rji- rj k , rji) = \(rjj - T] k , rji) = 0, 

and similarly \rjj\ 2 = c, in contradiction with (i). | 

Let /: M n — > M. N be an isometric immersion with flat normal bundle and let H x = 
{rji, . . . , rj s } be the set of principal normals of / at x G M n . If the map M n — > {1, . . . , n} 
given by x t— > j^H x has a constant value s on an open subset U C M n , there exist smooth 
normal vector fields rji, . . . , rj s on U such that H x = {rji(x), . . . , rj s (x)} for any x G U. 
Furthermore, each E m = (E m (x)) x€ u is a C°°- subbundle of TU for 1 < i < s. The 
following result is contained in |DN] . Lemma 2.3. 

Lemma 15. Let f: M n — ► M n+P be an isometric immersion with flat normal bundle and 
a constant number s of principal normals rji, ... , rj s everywhere. Assume that for a fixed 
i G {1, . . . , s} all principal normals rjj, j 7^ i, are parallel in the normal connection along 
E Vi and that the vectors rji — rjj and rji — rji are everywhere pairwise linearly independent 
for any pair of indices 1 < j 7^ £ < s with j,£ i. Then E^. is totally geodesic. 

Proof: The Codazzi equation yields 

(Vx.X^X^rn - rj 3 ) = (VxeX^X^rji - Ve ), r^j^k^t, (11) 

and 

Vx t Vi = (Vx j X j ,X i )(7 tj -7 li ), ijLj, (12) 
for all unit vectors Xi G E m , Xj G E Vj and X^ G E vr | 

An isometric immersion /: M n ~R N is called isoparametric if it has flat normal 
bundle and the principal curvatures of / with respect to every parallel normal vector 
field along any curve in M n are constant (with constant multiplicities). The following 
facts on isoparametric submanifolds are due to Striibing [StJ. 
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Theorem 16 Let /: M n — > Mr be an isoparametric isometric immersion. Then 
(i) The number of principal normals is constant on M n . 

(ii) The first normal spaces, i. e, the subspaces of the normal spaces spanned by the im- 
age of the second fundamental form, determine a parallel subbundle of the normal 
bundle. 

{Hi) The subbundles E m , 1 < % < s, are totally geodesic and the principal normals 
rji, . . . , r] s are parallel in the normal connection. 

(iv) The subbundles E Vi , 1 < i < s, are parallel if and only if f has parallel second 
fundamental form. 

(v ) // the principal normals r]i, . . . , r) s satisfy (rji, r/j) > everywhere then f has parallel 
second fundamental form and = everywhere. 

The next result will be used in the proofs of Corollaries H] and [5j 

Proposition 17 Let f: M n — > Mr 1 , n > 2, be a compact isoparametric submanifold. 

(i) If M n has constant sectional curvature c, then either c > and f(M n ) is a round 
sphere or c = and f(M n ) is an extrinsic product of circles. 

(ii) If M n has nonnegative sectional curvatures, then f(M n ) is an extrinsic product 
of round spheres or circles. In particular, if M n has positive sectional curvatures 
then f(M n ) is a round sphere. 

Proof: By Theorem [161 the number of distinct principal normals T]\, . . . , T] s of / is con- 
stant on M n and all of them are parallel in the normal connection. Moreover, the 
subbundles E Vi , 1 < i < s, are totally geodesic. If M n has constant sectional cur- 
vature c, then it follows from Lemmas [TH and [T5] that also E^. is totally geodesic for 
1 < i < s, and hence the sectional curvatures along planes spanned by vectors in dif- 
ferent subbundles vanish. Therefore c = 0, unless s = 1 and / is umbilic, in which case 
c > and f(M n ) is a round sphere. Furthermore, if c = and E Vi has rank at least 2 
for some 1 < i < s then the sectional curvature along a plane tangent to E m is \r]i\ 2 = 0, 
in contradiction with the compactness of M n . Hence E m has rank 1 for 1 < i < s. We 
conclude that the universal covering of M n is isometric to M n , and that / o tt splits as 
a product of circles by Moore's Lemma [MoJ, where tt: W 1 — > M n is the covering map. 

Assume now that M n has nonnegative sectional curvatures. It follows from (flOl) 
that {f]i,rij) > for 1 < i ^ j < s, whence / has parallel second fundamental form 
and all subbundles E Vi , 1 < i < s, are parallel by parts (iv) and (v) of Theorem [TBI 
We obtain from the de Rham decomposition theorem that the universal covering of M n 
splits isometrically as M™ 1 x • ■ ■ x M ™ s , where each factor M™* is either R if = 1 or a 
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sphere of curvature \rji\ 2 if > 2. Moreover, if tr: M™ 1 x • • • x — » M" denotes 
the covering map, then Moore's Lemma implies that / o 7r splits as / o 7T = fi x - • • x f s , 
where /j(M™ 1 ) is a round sphere or circle for 1 < i < s. | 

To every compact isoparametric submanifold /: M n — > one can associate a finite 
group, its Weyl group, as follows. Let rji, . . . ,r) g denote the principal normal vector fields 
of /. For p G M n , let Hj(p), 1 < j < g, be the focal hyperplane of T^M n given by the 
equation (r]j(p), ) = 1. Then one can show that the reflection on the affine normal space 
p + TpM n with respect to each affine focal hyperplane p + Hi(p) leaves [j 9 =1 (j> + Hj{p)) 
invariant, and thus the set of all such reflections generate a finite group, the Weyl group 
of / at p. Moreover, the Weyl groups of / at different points are conjugate by the parallel 
transport with respect to the normal connection, hence a well-defined Weyl group W 
can be associated to /. We refer to IPT2I for details. In the proof of Theorem [3] we will 
need the following property of the Weyl group of an isoparametric submanifold. 

Proposition 18 Let /: M n — > M. N be a compact isoparametric submanifold and let 
W(p) be its Weyl group at p G M n . Assume that W(p) leaves invariant an affine 
hyperplane TL orthogonal to £ G T^M. Then f(M n ) is contained in the affine hyperplane 
ofR N through p orthogonal to £. 

Proof: It follows from the assumption that 7i is orthogonal to every focal hyperplane 
p + Hj(p), 1 < j < g, of / at p. For q G H, let Q = Y Jg ew{ P )9 ( l e H. Then Q 
is a fixed point of W(p), hence it lies in the intersection f] 9 j =l (p + Hjijp)) of all affine 
focal hyperplanes of / at p. We obtain that the line through Q orthogonal to 7i lies in 
Cfj=i(p + Hj(p))- Therefore (r)j, Q + A£) = 1 for every A G R, 1 < j < g, which implies 
that (rjj,£) = 0, for every 1 < j ' < g. Now extend £ to a parallel vector field along M n 
with respect to the normal connection. Since the principal normal vector fields rji, . . . , i] g 
of / are parallel with respect to the normal connection by Theorem HoT-(m). it follows 
that (rjj, £} = everywhere, and hence the shape operator of / with respect to £ is 
identically zero by Then £ is constant in M> N and the conclusion follows. | 

A rich source of isoparametric submanifolds is provided by the following result of 
Palais and Terng (see |PTi| , Theorem 6.5). 

Proposition 19 // a closed subgroup G C SO(N) acts polarly on M. N then any of its 
principal orbits is an isoparametric submanifold ofM. N . 

To conclude this section, we point out that if G C SO(N) acts polarly on M N and E 
is a section, then the the Weyl group W = iV(£)/Z(£) of the G-action coincides with 
the Weyl group W(p) just defined of any principal orbit Gp, p G E, as an isoparametric 
submanifold of R N (cf. [PTj]). 
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5 Proof of Theorem 



3 



We first prove the converse. Let G C SO(n + 1) act polarly on M n+1 , let E be a section 
of the G-action and let M n C IR n+1 be a G-invariant immersed hypersurface. It suffices 
to prove that E is transversal to M n , for then L = E n M™ is a compact hypersurface 
of E that is invariant under the Weyl group W of the action and M n = G(L). 

Assume, on the contrary, that transversality does not hold. Then there exists p G 
E H M n with T p E C T p M n . Fix v G T p E in a principal orbit of the slice representation 
at p and let 7: (— e, e) — > M n be a smooth curve with 7(0) = p and Y(0) = t>. Since M n 
is G-invariant, it contains {<n(£) | <? G G p , £ G (— e,e)}. Therefore, T p M n contains G p v, 
and hence @T v G p v. Recall that T p E is a section for the slice representation at p (see 



PTjJ , Theorem 4.6). Therefore T v G p v is a subspace of T^G(p) orthogonal to T p E with 

dim T^Gyy = dimT p G{p) — dimE. (13) 

Moreover, again by the G-invariance of M n , we have that G(p) C M n , and hence 
T p G(p) C T p M n . Using (P3J, we conclude that 

dim T p M n > dimG(p) + dimE + dim T v G p v 
= dimG(p) + dim T p L G(p) — n+ 1, 

a contradiction. 

In order to prove the direct statement, it suffices to show that at each point p G L 
which is a singular point of the G-action the subset 

H = (Y(0) I 7: (-e, e) -> M n+1 is a curve in M n+1 with 7(-e, e) C M n and 7(0) = p] 

is an n-dimensional subspace of M n+1 , the tangent space of M n at p. Clearly, we have 

H = T p G(p) |J gT p L. 

geG p 

We use again that T P E is a section of the slice representation at p and that, in addition, 
the Weyl group for the slice representation is W(E) P = W D G p ([PTj], Theorem 4.6). 



Since L is invariant under W by assumption, it follows that T P L is invariant under 
W(TH)p. Let ( G S be a unit vector normal to L at p. Then, for any principal vector 
v G T P L C T P E of the slice representation at p it follows from Proposition [18] that G p v 
lies in the affine hyperplane ir of through p orthogonal to £. Therefore ^T p L C 7r 
for every g G G p . Since T p G{p) is orthogonal to E, we conclude that H C it, and hence 
H = 71 by dimension reasons. | 

Remark 20 Theorems [1] and [3] yield as a special case the main theorem in [MPSTJ: 
any compact hypersurface of IR n+1 with cohomogeneity one under the action of a closed 
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connected subgroup of its isometry group is given as G(j), where G C SO{n + 1) acts 
on M n+1 with cohomogeneity two (hence polarly) and 7 is a smooth curve in a (two- 
dimensional) section £ which is invariant under the Weyl group W of the G-action. We 
take the opportunity to point out that starting with a smooth curve (3 in a Weyl chamber 
a of £ (which is identified with the orbit space of the G-action) which is orthogonal to 
the boundary da of a is not enough to ensure smoothness of 7 = W{0), or equivalently, 
of G(P), as claimed in [MPSTJ. One should require, in addition, that after expressing 
f3 locally as a graph z = f(x) over its tangent line at a point of intersection with da, 
the function / be even, that is, all of its derivatives of odd order vanish and not only 
the first one. 



6 Proofs of Corollaries 5 and 5. 



For the proof of Corollary H] we need another known property of polar representations, 
a simple proof of which is included for the sake of completeness 

Lemma 21 Let G C SO(n + 1) act polarly and have a principal orbit G(q) that is not 
full, i.e., the linear span V of G(q) is a proper subspace o/M n+ . Then G acts trivially 
on V- 1 -. 



Proof: Let v G V L . Then v belongs to the normal spaces of G(q) at any point, hence 
admits a unique extension to an equivariant normal vector field £ along G(q). Moreover, 
the shape operator of G(q) with respect to £ is identically zero, for A v is clearly zero 
and £ is equivariant. Now, since G acts polarly, the vector field £ is parallel in the 
normal connection. It follows that £ is a constant vector in M n+1 , which means that G 
fixes v. | 

Proof of Corollary^ We know from Theorem[2]that there exists an orthogonal represen- 
tation G — ► SO(n+l) such that G = \I>(G) acts polarly on W n+1 and fog = ^(g)of 
for every g G G. We claim that any of the conditions in the statement implies that / 
immerses some G-principal orbit Gp in R™ +1 as a round sphere (circle, if k — n — 1). 
Assuming the claim, it follows from Lemma [2T1 that G fixes the orthogonal complement 
V L of the linear span V of Gp, hence / is a rotation hypersurface with V 1 - 
Moreover, if k ^ n — 1 then f\c p must be an embedding by a standard covering map 
argument. From this and / o g = ^(g) o f for every g G G it follows that any g in the 
kernel of ^ must fix any point of Gp. Since Gp is a principal orbit, this easily implies 
that g = id. Therefore ^ is an isomorphism of G onto G. 

We now prove the claim. By Proposition [19] we have that / immerses Gp as an 
isoparametric submanifold. If condition (i) holds then the first normal spaces of f\a p 
in ]R n+1 are one-dimensional. By Theorem [TBI- (ii ) and a well-known result on reduction 
of codimension of isometric immersions (cf. [Daj . Proposition 4.1), we obtain that 
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f(Gp) = G(f(p)) is contained as a hypersurface in some affine hyperplane Ti C IR n+1 , 
and hence f{Gp) must be a round hypersphere of Ti (a circle if k = n — 1). Moreover, 
condition (i) is automatic if A; = n — 1, for in this case the principal orbit of maximal 
length must be a geodesic. Now, if (Hi) holds, let Gp be a principal orbit such that the 
position vector of / is nowhere tangent to f(M n ) along Gp. Then any normal vector £ 
t° flop at gp £ can be written as £ = af(gp) + f*(gp)£ gp , with £ 9P normal to in 

j* I 

M n . Therefore the shape operator A - ° p is a multiple of the identity tensor, hence f\c P 
is umbilical. Since, by (ii), the dimension of Gp can be assumed to be at least two, the 
claim is proved also in this case. As for conditions (iv) and (v), the claim follows from 
Proposition H3-(i) and the last assertion in Proposition \I7\-( ii). respectively. | 

Proof of Corollary^ By Proposition [19] and part (ii) of Proposition [T7I we have that the 
orbit G(f(p)) = f(Gp) of G is an extrinsic product x . . . x §^ fc_1 of round spheres or 
circles. In particular, this implies that the orthogonal decomposition M n+1 = ©j =0 M n % 
where M. Ui is the linear span of S™*" 1 for 1 < i < k, is G-stable, that is, M. ni is G-invariant 
for < i < k (cf. [GOTJ, Lemma 6.2). By [DJ, Theorem 4 there exist connected Lie 
subgroups G\, . . . , G^ of G such that Gi acts on M. Ui and the action of G = G\ x . . . x Gk 
on M. n+1 given by 

(gi ■ ■■gk)(vo,v 1 , ...,v k ) = (v ,givx, . . .,g k v k ) 

is orbit equivalent to the action of G. Moreover, writing q = f(p) = (q , . . . , q k ) then 
G(q) = {qo} x Gi(qi) x ... x G k (qk), and hence Gi(qi) is a hypersphere of M. ni for 
1 < i < k. The last assertion is clear. | 



7 Proof of Theorem 6. 



Let L k x p N n ~ k be a warped product with N n ~ k connected and complete and let ip: L k x p 
N n ~ k — > U be an isometry onto an open dense subset U C M n . Since M n is a compact 
Riemannian manifold isometrically immersed in Euclidean space as a hypersurface, there 
exists an open subset W C M n with strictly positive sectional curvatures. The subset U 
being open and dense in M n , WC\U is a nonempty open set. Let Li x jVj be a connected 
open subset of L k x N n ~ k that is mapped into WDU by ip. Then the sectional curvatures 
of L k x p N n ~ k are strictly positive on Li x N\. 

For a fixed i 6 Li, choose a unit vector X x e T X L\. For each y e N n ~ k , let Xf X)V ) 
be the unique unit horizontal vector in T^ x ^(Li x N n ~ k ) that projects onto Xj by 
(7ri)*(x, y). Then the sectional curvature of L fc x p N n ~ k along a plane a spanned by 
X( x>y ) and any unit vertical vector Z( x>y ) G T( x>y )(Li x N n ~ k ) is given by 

if(cr) = -Hessp(x)(X :r ,X a; )/p(j;). 
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Observe that K(a) depends neither on y nor on the vector Z^ v y Since K{a) > if 
y E N\, the same holds for any y E N n ~ k . In particular, L\ x p N n is free of flat points. 

If n — k > 2, it follows from [DT], Theorem 16 that / o i/j immerses L\ x p jV n_fc 
either as a rotation hypersurface or as the extrinsic product of an Euclidean factor M. k ^ 1 
with a cone over a hypersurface of § n_fe+1 . The latter possibility is ruled out by the fact 
that the sectional curvatures of L k x p N n ~ k are strictly positive on L\ x N\. Thus the 
first possibility holds, and in particular / o ip immerses each leaf {x} x N n ~ k , x E Li, 
isometrically onto a round {n — &;)-dimensional sphere. It follows that N n ~ k is isometric 
to a round sphere. 

In any case, lso° (N n ~ k ) acts transitively on N n ~ k and each g E lso°(N n ~~ k ) induces 
an isometry g of L k x p N n ~ k by defining 

g{x,y) = (x,g(y)), for all (x,y) E L k x N n ~ k . 

The map g E lso°(N n ~ k ) i— > g E lso(L k x p N n ~ k ) being clearly continuous, its image 
G is a closed connected subgroup of Iso(L fc x p N n ~ k ). For each g E G, the induced 
isometry ip o g o ip" 1 on U extends uniquely to an isometry of M n . The orbits of the 
induced action of G on U are the images by ip of the leaves {x} x N n ~~ k , x E L k , hence 
are umbilical in M n . Moreover, the normal spaces to the (principal) orbits of G on U 
are the images by ip* of the horizontal subspaces of L k x p N n ~ k . Therefore, they define 
an integrable distribution on U, whence on the whole regular part of M n . Thus, the 
action of G on M n is locally polar with umbilical principal orbits. We conclude from 
Corollary HJ-(m) that / is a rotation hypersurface. | 
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